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1 Introduction

Writing physical laws in the form of Lagrangians is one of the most important techniques in theoretical
physics. Expressing physical laws in the form of a Lagrangian is like translating them into another language,
but a special language that makes meaning more transparent. Lagrangians have the benefit of being scalar,
which makes Lorentz invariance manifest. Furthermore, they make the procedure of identifying symmetries
much simpler. They can also incorporate both field equations and force laws into a single expression.
The Lagrangian density for free Dirac fields, corresponding to spin 1/2 is
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The QED Lagrangian Density is
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where

Fu=0,A, —0,A,

and A, = (V/c,A) and ¥ = 940, The first term governs the propagation of free particles. The second term
governs the interaction of particles with the electromagnetic field. The third term governs the propagation
of the electromagnetic field. Minimal coupling is equivalent to introducing the interaction term in this
Lagrangian density.
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This insertion is mandated by the requirement that the Lagrangian density be locally gauge covariant.

That is also why the minimal coupling form of the derivative is sometimes called the covariant derivative.

2 Maxwell’s Equations

In order to derive Maxwell’s Equations from the QED Lagrangian density, all we have to do is vary with
respect to A, and use the Euler-Lagrange equation. Recall the Euler-Lagrange equation is
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Step 1. If we take ¢ = A, in the Euler-Lagrange equation we have
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Step 2. We evaluate the left hand side
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because the first two terms are independent of A,. Recall that the way partial derivatives work is that
derivatives of functions are independent of the original functions, which is why the first term is independent

s this correct?
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Step 3. We evaluate the right hand side
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Step 4. Combine the left and right hand sides and rearrange
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Finally we have arrived at the inhomogeneous Maxwell’s equations in covariant form. The other two
equations result directly from the definition of F},, .

3 Conserved Currents

Lagrangians of the form ¢TI for arbitrary I" have a symmetry under phase shifts because a phase factor
e'? and its complex conjugate in the same term cancel out. When we apply Noether’s theorem to the QED
Lagrangian with this symmetry, the conserved current equation produced is the well known continuity
equation, from which local conservation of charge arises.

The actual expression for the conserved current is
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which is consistent with the expression for the current that we found in Maxwell’s equations. >

2Need to fully understand this.
3Question: How can we understand that this expression represents our common notion of charge currents?



4 Dirac Equation

The Dirac equation for the electron field can also be derived from this same Lagrangian. This time we
vary with respect to 1. Step 1. If we take ¢ = 1 in the Euler-Lagrange equation we have

Step 2. We evaluate the left hand side
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Step 3. We evaluate the right hand side
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Step 4. We combine the left and right hand sides
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5 Mini-Derivation

The definition of the variation of f for fixed x:
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